For broadband quantum noise reduction of gravitational wave detectors, frequency dependent squeezed vacuum states realized using a filter cavity is a mature technique and will be implemented in Advanced LIGO and Advanced Virgo from the fourth observation run. To obtain the benefit of frequency dependent squeezing, detuning and alignment of the filter cavity with respect to squeezed vacuum states must be controlled accurately. To this purpose we suggest a new length and alignment control scheme, using coherent control sidebands which are already used to control squeezing angle. Since both squeezed vacuum states and coherent control sidebands have the same mode matching conditions and almost the same frequency, detuning and alignment of the filter cavity can be controlled accurately with this scheme. In this paper, we show the principle of this scheme and its application to a gravitational-wave detector.
I. INTRODUCTION
Gravitational waves (GW) were first detected by Advanced LIGO in 2015 [1] and since then many more GW observations were performed by Advanced LIGO and Advanced Virgo [2] . To increase the number of detections, the sensitivity of the detectors must be constantly improved. One of the main noise sources which limits the sensitivity of GW detectors is the so-called quantum noise. Quantum noise is divided into shot noise, which limits the sensitivity at high frequency and radiation pressure noise, which limits the sensitivity at low frequency. An effective way to reduce quantum noise is to inject squeezed vacuum states into the interferometer [3] . The reduction of quantum noise with squeezing was realized for the first time at GEO600 [4] and it has been recently implemented also in Advanced LIGO and Advanced Virgo since the beginning of the third observation run (O3) [5, 6] . However, conventional frequency independent phase squeezed vacuum states increases radiation pressure noise at low frequency while it reduces shot noise at high frequency. For broadband quantum noise reduction, frequency dependent squeezing produced with a filter cavity is the most promising technique [7] . Advanced LIGO and Advanced Virgo plan to implement frequency dependent squeezing with 300 m filter cavities from the fourth observation run (O4) [8] . In order to achieve the frequency dependence below 100 Hz, the cavity has to be operated in a detuned configuration and it needs a storage time of about 3 ms.
Demonstration of frequency dependent squeezing below 100 Hz, necessary for broadband quantum noise reduction in GW detectors, has been recently achieved with a 300 m filter cavity [9] . * aritomi@granite.phys.s.u-tokyo.ac.jp One of main challenges in the production of frequency dependent squeezing by using filter cavities is the length and alignment control of the filter cavity itself. In fact, since squeezing is a vacuum state with no coherent amplitude, it is not suitable to provide the error signals necessary for the control. The use of auxiliary fields is therefore needed. In previous experiments [9] , the filter cavity was controlled with an auxiliary green field with a wavelength of 532 nm while the squeezed field is at the GW detector laser wavelength, 1064 nm. However, controlling length and alignment of the filter cavity with the green field doesn't ensure the alignment of squeezed field to the filter cavity, since the overlap of the green and squeezed field can drift. This causes detuning and alignment fluctuation of the filter cavity with respect to squeezed vacuum states. In addition, fluctuation of the relative phase delay between green and infrared induced by anisotropies or temperature dependency of the cavity mirror coating can lead to a detuning fluctuation [10] . The squeezed field is produced by a parametric downconversion process inside an optical parametric oscillator (OPO). The use of an auxiliary beam which is resonating inside the OPO, ensures that it is perfectly spatially overlapped with the squeezed beam. For what concern the length control of the filter cavity, a recent work has successfully tested a scheme which uses an additional auxiliary beam with a small frequency offset with respect to the squeezing beam injected into the OPO [11] .
In this paper, we suggest a new length and alignment control scheme whose error signal is provided by the socalled coherent control field. Such field is included in all the squeezed vacuum sources for GW detectors and it is used to control the squeezing angle [12] . Since the coherent control sidebands (CCSB) are produced inside the OPO together with the squeezed vacuum states, they have the same mode matching conditions and almost the same frequency. The relative frequency of carrier and CCSB can be controlled accurately with a frequency arXiv:2004.01400v1 [physics.ins-det] 3 Apr 2020 offset phase locked loop and can be tuned so that carrier is properly detuned. Such difference is only of few MHz which makes negligible any possible effect due to the coating. Therefore, length and alignment control with CCSB ensures proper detuning and alignment of the squeezed vacuum states to the filter cavity. This paper is organized as follows: in section II A and II B, the error signal for the length and alignment control of the filter cavity are theoretically derived. In section II C, the application of such control scheme to a GW detector is presented. In section II D, the coupling between the coherent control loop and the filter cavity length control loop is studied. In section II E, reshaping of frequency dependent phase noise and an updated squeezing degradation budget with this control scheme are presented. In section III, the computation of noise requirements to ensure the feasibility of such technique is presented.
II. PRINCIPLE

A. Filter cavity error signal
When coherent control field, which is detuned by Ω cc with respect to carrier frequency ω 0 , is injected into OPO, a sideband which is detuned by −Ω cc is generated by nonlinear effect [12] . Coherent control field passing through OPO can be written as
where a cc is amplitude of coherent control field, g is nonlinear gain, φ green is relative phase of coherent control field and its sideband generated by OPO. φ green can be kept constant by coherent control loop. We assume that φ green is kept 0, but has residual noise around 0, φ green = δφ green << 1.
To obtain proper frequency dependent squeezing from a filter cavity, carrier must be detuned properly from resonance of the filter cavity. By choosing the frequency of coherent control field (Ω cc ) as follows, the coherent control field can be resonant inside the filter cavity while carrier is properly detuned (FIG. 1) :
where n is an integer number, ω FSR = 2πf FSR is the free spectral range of the filter cavity and ∆ω fc,0 is the optimal filter cavity detuning with respect to carrier. In this condition, the coherent control sideband at −Ω cc is detuned by −2∆ω fc,0 with respect to the filter cavity resonance and so almost reflected by the filter cavity. The coherent control sidebands reflected by the filter cavity is where a ± is
and r ± = r fc (±∆ω fc,0 , ∆ω fc ) is the complex reflectivity of the filter cavity and can be written as [13] r fc (±∆ω fc,0 ,
with γ fc the filter cavity half-bandwidth and Λ rt the filter cavity round trip losses. ∆ω fc is a variable which represents the filter cavity detuning. Amplitude and phase of the filter cavity reflectivity for CCSB can be written as
Filter cavity error signal can be obtained by detecting the beat note of the CCSB:
Demodulating this signal by sin (2Ω cc t − α − (∆ω fc,0 )) (In-phase) and cos (2Ω cc t − α − (∆ω fc,0 )) (Quadrature)
Normalized filter cavity detuning and low-passing it, filter cavity error signal as a function of the filter cavity detuning ∆ω fc is
Relative phase noise of CCSB δφ green is a noise source for the filter cavity error signal. When δφ green = 0, the filter cavity error signal (11) 
where L fc is filter cavity length. When ∆ω fc = ∆ω fc,0 + δ∆ω fc , the filter cavity error signal (In-phase) (11) is
where λ is wavelength of carrier, F is filter cavity finesse.
Here we only considered phase of coherent control field which is around resonance of filter cavity since this is dominant compared with the other. We also assumed << 1 and δ∆ω fc /γ fc << 1, which is true for parameters shown in TABLE I. Since the relative phase noise of CCSB δφ green can be stabilized by the coherent control loop below 1.7 mrad [14] , the filter cavity error signal can be obtained with a good enough SNR. Coherent control sidebands can be also used to control alignment of a filter cavity by wavefront sensing [16] .
Misalignment of the filter cavity axis with respect to input beam axis γ and misalignment of immediately reflected beam axis with respect to the filter cavity axis γ r can be written as
where w 0 is the beam radius at waist position, θ 0 = 2/kw 0 is the beam divergence, k is the wave number. δx, δx represent the transverse displacement in x axis direction and δθ, δθ represent the tilt around y axis, where z axis is the beam axis and y axis is orthogonal to the x, z axis. z = 0 is the beam waist position.
We define C and S as
where r c0 , r c1 are the filter cavity reflectivity of Hermite-Gaussian (HG) 00 and 10 mode of coherent control field and r s0 , r s1 are the filter cavity reflectivity of HG 00 and 10 mode of coherent control sideband. 2Ω cc term of the filter cavity error signal (10) can be written as (see Appendix A)
P cc (2Ω cc ) ∝ Re{r c r * s e i2Ωcct } = Re{(U 00 r c0 − U 10 C)(U * 00 r * s0 − U * 10 S * )e i2Ωcct } = Re{(U 00 U * 00 r c0 r * s0 − U 00 U * 10 r c0 S * − U * 00 U 10 r * s0 C + U 10 U * 10 CS * )e i2Ωcct }
where U 00 , U 10 are normalized Hermite-Gaussian modes and can be written as [17] ,
where H 1 is the 1st order Hermite polynomial, w(z) is the beam radius, η(z) is the gouy phase, R(z) is the beam radius of curvature and can be written as
The wavefront sensing (WFS) signal W is given by the sum of the second and third term of (19) .
Differential signal of W in x axis direction with a quadrant photo diode is
− r c0 r * s1 e −iη γ − r c1 r * s0 e iη γ * }e i2Ωcct ) (29) Demodulating by sin (2Ω cc t − α − (∆ω fc,0 )) (In-phase) and low-passing it, first term of (29), which is proportional to filter cavity error signal, will disappear. WFS signal after demodulation is
WFS signal is shown in FIG. 3 . Displacement and tilt signal of the filter cavity can be obtained with two different gouy phase. 
C. Experimental setup
An example of experimental setup when this scheme is implemented in GW detectors is shown in FIG. 4 . Filter cavity error signal with CCSB can be obtained at output mode cleaner (OMC) reflection since CCSB are almost fully reflected by OMC while carrier almost transmits through OMC. The error signal is demodulated by 2Ω cc and fed back to filter cavity length. Coherent control error signal to control relative phase between green field injected into OPO and coherent control field (CC) can be obtained at OPO reflection and fed back to green field path length. Coherent control error signal to control relative phase between carrier and CC is obtained at OMC transmission and fed back to phase locked loop (PLL) between main interferometer laser and CC laser [18] .
D. Coherent control error signal
Filter cavity control loop with CCSB affects coherent control loop which controls the relative phase between CC and local oscillator (LO). In the case of GW detectors, the LO is the main interferometer laser. For simplicity, here we write ρ ± (∆ω fc ) = ρ ± , α ± (∆ω fc ) = α ± and α ± (∆ω fc,0 ) = α ±,0 .
Signal at OMC transmission is
where a 0 is relative amplitude of LO and φ LO , φ CC are frequency independent phase noise of LO and CC. Demodulating (31) by cos (Ω cc t + θ dm ) and lowpassing it, where demodulation phase θ dm is
Squeezing angle φ sqz is relative phase between LO and CC reflected by the filter cavity,
When squeezing angle is different from π/2 (squeeze quadrature) by δφ sqz as follows,
Coherent control error signal (33) is given by
where a = a − /a + is unbalance of amplitude of CCSB and ρ = ρ − /ρ + is unbalance of filter cavity reflectivity of CCSB. δα p (∆ω fc , a, ρ) is δα p (∆ω fc , a, ρ) = δα + + aρδα − 2 (39)
The first term in (38) is relative phase noise between CC and LO (frequency independent phase noise), the second term is frequency dependent phase noise around detuning frequency from the filter cavity and the third term is phase noise from relative phase noise of CCSB. The second term is the coupling from the filter cavity control loop which reshapes frequency dependent phase noise as explained in section II E.
E. Reshaping of frequency dependent phase noise
The coherent control error signal calculated in Sec. II D reshapes frequency dependent phase noise which comes from filter cavity length noise. Coupling between filter cavity length control loop and coherent control loop is shown in FIG. 5 . The fluctuation of the filter cavity length causes both differential and common motions of CCSB. The differential motion of CCSB is the filter cavity error signal while the common motion of CCSB is frequency dependent phase noise around detuning frequency, which is the second term in (38). This frequency dependent phase noise around detuning frequency couples to the coherent control loop and suppressed by the feedback loop while the frequency dependent phase noise is increased at high frequency. In this section, we'll explain the detail calculation of the frequency dependent phase noise with feedback of coherent control loop. Calculation of frequency dependent phase noise is described in [13] and the calculation of this section will use the same symbolism. For more details of the computation, see Appendix B.
Assuming multiple incoherent noise parameters X n in quantum noiseN have small Gaussian-distributed fluctuations with variance δX 2 n , the average readout noise is given bŷ
For frequency independent phase noise, X n = φ which is injection squeezing angle. For frequency dependent phase noise, X n = ∆ω fc,0 which is filter cavity detuning. First we'll explain about the calculation of frequency independent phase noise which is necessary in order to calculate frequency dependent phase with feedback from coherent control loop. Transfer matrix of squeezed vacuum states can be written as a function of injection squeezing angle φ,
where R is a rotation matrix and e −σ is injection squeezing level. Frequency independent phase noise can be represented by variations of injection squeezing angle, δφ.
Note that frequency independent phase noise can also be represented by variations of homodyne angle δζ. However, since squeezing angle is not π/2 at low frequency, phase noise from variations of homodyne angle is suppressed at low frequency.
To calculate the effect of phase noise only, we restrict our discussion to an optimally matched filter cavity and no injection, readout losses. Noise due to vacuum fluctuations passing through the squeezer,N 1 can be written asN
(46) α ± = arg(r fc (±Ω, ∆ω fc )) Ω is sideband frequency and was fixed to ∆ω fc,0 in Sec. II A-II D. K is optomechanical coupling factor of an interferometer,
where Ω SQL is frequency at which quantum noise reaches the standard quantum limit and γ ifo is the interferometer bandwidth. In case of KAGRA, Ω SQL = 2π × 76.4 Hz, γ ifo = 2π × 382 Hz [15] . B term in (42) is necessary when frequency dependent phase noise with feedback from coherent control loop is considered. When φ = 0,N 1 (φ = 0) = A and this represents the quantum noise of an optimally matched filter cavity with no injection and readout losses, (44) in [13] . 
Note that frequency dependent phase noise δα p is small above cavity pole of the filter cavity ∼ 60 Hz and we assumed that the gain of the coherent control loop below 60 Hz is large so that the feedback of the coherent control loop is perfect. FIG. 6 and 7 shows quantum noise relative to coherent vacuum with filter cavity length noise δL fc = 0.3 pm and 3 pm. The frequency dependent phase noise with this scheme and with conventional scheme is shown as purple line and dotted purple line. Parameters used in this calculation are shown in TABLE I. Unbalance of filter cavity relfectivity of CCSB is ρ = 1.1 and we assumed unbalance of amplitude of CCSB is a = 1 (g >> 1). As shown in FIG. 6, frequency dependent phase noise with this scheme and conventional scheme is small and almost same with δL fc = 0.3 pm. However, as shown in FIG. 7 , frequency dependent phase noise with this scheme is suppressed at low frequency by feedback from coherent control loop while it is increased at high frequency.
III. NOISE CALCULATION
The requirement of locking accuracy of the filter cavity (filter cavity length noise) δL fc is 0.3 pm. In this section, we show that shot noise and PLL noise satisfy this requirement.
A. Shot noise
For simplicity, we assume that power of CCSB at OMC reflection are same, P + = P − = 10 uW. 
Shot noise of coherent control sidebands
Shot noise of CCSB is given by
Here we assumed that carrier and CCSB frequencies are almost the same. This shot noise within filter cavity control bandwidth becomes filter cavity length noise by filter cavity control loop. This shot noise is the most fundamental limit of the filter cavity error signal SNR. Starting from (11) and (14), we can write the shot noise contri-bution to the filter cavity length noise as follows, 
where ∆f is filter cavity control bandwidth. Using the parameters in TABLE I, the requirement of the filter cavity length noise δL fc = 0.3 pm is not limited by the shot noise of CCSB.
Shot noise of junk light
When the filter cavity error signal is obtained at OMC reflection, junk light at OMC reflection contributes to the shot noise. We can compute the maximum power of this junk light at OMC reflection which allows not to spoil the filter cavity error signal as follows, According to (54), using parameters in TABLE I, P junk < 1.3 W in order not to spoil the filter cavity error signal and this requirement can be satisfied in KAGRA [19] .
B. PLL noise
The PLL which controls the relative phase between the main squeezer laser and the coherent control laser can cause detuning noise. The PLL frequency noise reflected by the filter cavity can be written as where filter cavity half bandwidth is f fc = 57.3 Hz and PLL phase noise is S PLL (φ) = 5 µrad/ √ Hz within PLL control bandwidth ∼ 40 kHz. The PLL phase noise has been chosen so to have RMS of PLL phase noise δφ PLL = 1 mrad. RMS of PLL frequency noise reflected by the filter cavity is
Integrating (56) between 0 Hz -40 kHz, RMS of PLL frequency noise reflected by the filter cavity is δf PLL,fc = 50 mHz. This corresponds to RMS of filter cavity length noise δL PLL,fc = 0.05 pm which satisfies the requirement.
IV. CONCLUSION
We suggest a new length and alignment control scheme of a filter cavity with coherent control sidebands which are already used to control squeezing angle. It assures accurate detuning and alignment of the filter cavity with respect to squeezed vacuum states. It is shown that coherent control loop reshapes frequency dependent phase noise with this scheme. The frequency dependent phase noise at low frequency is suppressed by feedback from the coherent control loop while it is increased at high frequency. We also showed shot noise and PLL noise with this scheme satisfies the requirement of locking accuracy. This scheme will be tested in 300 m filter cavity in TAMA.
